For strategic traffic flow management, models are needed that allow NAS stakeholders to characterize the joint evolution of weather (and/or its impact on air traffic operating capabilities) in conjunction with the evolution of traffic flows. While queueing models show some promise for permitting meshed analysis of weather and traffic (including flow management initiatives), they are mathematically and computationally unwieldy when either the weather evolution or the airspace topology are modeled at realistic scale. Here, we investigate whether a new class of models known as layered moment-linear networks that approximate queueing-network models can serve as tractable albeit abstracted models for weather and traffic dynamics. As a first step toward constructing layered moment-linear models for traffic/weather, we develop a linear approximation for an M/D/1 queue with variable service rate. We evaluate the accuracy of the approximation using simulations, and then use it to analyze a traffic bottleneck that is modulated by a complex (networked) weather-propagation event.
I. Introduction
Formal traffic management and control programs have been in place in the United States National Airspace System (NAS) for over 70 years. From their inception, air traffic management and control systems have relied on information technology: even the earliest systems required telecommunications among controllers at different locations. Over time, increasingly sophisticated automation and decision-support tools have been required for and implemented in the NAS, beginning with radar-based tracking systems and eventually including computer-based decision aids and data-communication systems. These information technologies have revolutionized air traffic control, permitting human controllers to safely guide traffic (prevent collisions) in increasingly congested airspace at relatively low cost. More recently, decision-support and communication capabilities have been developed for tactical air traffic management, i.e. coordinated, regional management of traffic flows at up to a 2 hour time horizon by air traffic facilities (Air Route Traffic Control Centers, airport control towers, etc), to meet capacity constraints including human-workload constraints while limiting delay in a dynamic environment. Unfortunately, as the air transportation system becomes increasingly stressed, traffic management at a nation-wide scale and a full-day time horizon is increasingly needed to balance demand and capacity, so as to ensure smooth operation. 1, 2 This strategic management problem is currently addressed by teleconference by traffic management personnel at the Air Traffic Control Strategic Command Center (ATCSCC) in coordination with the airlines and other stakeholders, with very little decision support. While the personnel at the ATCSCC bring to bear significant experience in traffic control/management, the complexity of the strategic-management problem is increasing to the point that a manual approach is becoming unworkable. As such, automation or at least decision-support aids are increasingly needed for strategic traffic management.
Several research efforts involving both industrial and academic partners are underway (under the auspices of the NextGen air traffic system modernization effort), to develop decision-support tools for strategic air traffic management. 3, 4 A primary challenge in strategic management-whether achieved manually or via automation-is the significant uncertainty in weather and traffic demand at the full-day (or strategic) timehorizon. In addition, the large scale of the problem, the multi-faceted yet limited nature of flow management capabilities, and the decentralization of traffic management facilities and stakeholders further complicate decision-making. The ongoing research efforts seek to address these challenges, by 1) introducing new models and analysis tools; and 2) envisioning paradigms for traffic flow management; 3) pursuing design and optimization of coordinated flow management actions within these paradigms. In this article, we will focus specifically on the modeling and analysis aspect of strategic-management research, which provides a foundation for the design aspects of the research.
In seeking solutions for strategic traffic management, developers of decision-support tools are realizing that new models for traffic and weather are needed. These models must have the proper resolution for capturing uncertainties, traffic flow dynamics, and management actions, while also allowing fast simulation/analysis/design at a nation-wide scale. Of critical importance, the models must permit meshed analysis of uncertain weather propagation and traffic. Very recently, several promising flow and queuing network models for air traffic and its management, as well as network representations for spatially-correlated weather impact on traffic, have been developed, which seem to be appropriate in their resolution and complexity.
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These models have permitted simulation of meshed weather and traffic at a strategic horizon and national scale, in a way that appears to be computationally efficient but fairly accurate. These models are also appealing in that they permit formal mathematical analysis of traffic and weather and in turn design of flow management in small-scale examples (e.g., for a single management action in isolation and a single Markov weather propagation), in part using quasi-linear approximations. 6 Unfortunately, mathematical analysis of these new fused weather and traffic-flow models at a regional or national scale remains challenging (the single-constraint analyses do not scale up naturally if either weather or traffic dynamics are spatiotemporal processes), and hence design of coordinated flow management using the models also remains difficult. Very recently, some numerical approaches to design using the meshed models have been introduced, but the applicability of these approaches remains unclear. Thus, from our viewpoint, strategic traffic management begs for further modeling paradigms and approximations, that allow interfaced analysis of complex weather and traffic dynamics, and facilitate design of traffic management capabilities.
In this article, we begin to explore whether a new class of network models-known as layered momentlinear networks-can serve as crude but useful approximations for meshed weather and traffic flow dynamics. These layered network models capture an independent quasi-linear stochastic networked process (typically an environmental process) that drives a second linear deterministic or stochastic network dynamics (typically an infrastructural network). In our case, weather or weather-impact propagation has been modeled as a network dynamics, that can be viewed as modulating or driving the traffic-flow dynamics (as captured by a queuing-network model). As such, the layered-network paradigm seems possibly apt. These layered moment-linear models are appealing because they can capture hybrid (mixed discrete-valued-and continuousvalued-) and stochastic dynamics, while permitting fast simulation, statistical analysis using relatively-loworder moment recursions, and efficient estimator/controller design using generalizations of techniques for linear systems-all features that would be useful for the strategic traffic management problem. Here, we pursue approximation of combined weather-and traffic-flow-models as a layered moment-linear network, as an approximation for the weather-impact and queuing-based traffic flow models developed previously. In particular, we consider whether the developed influence models for weather-impact propagation (which naturally fit into the moment-linear network modeling context) and queuing models for traffic flows (which are not linear but may permit linear approximation under some conditions) can in some circumstances be viewed as a layered network model, with the weather-impact model driving the traffic model. Our focus here is on motivating and initially developing/evaluating the layered-network model: as such, we focus primarily on the foundational mathematics of the approximation, i.e. 1) the representation of weather and traffic as moment-linear models and 2) the approximation of weather-impact on traffic as one dynamical system driving a second one. To simplify this initial study, we primarily consider the case that weather evolves according to a complex networked process, but significantly impedes traffic at only one or a few isolated locations; we then briefly argue that this analysis is indeed scalable to a more general case. The results presented here are very preliminary, but suggest that the approximation is promising in the important circumstance that the weather event is transient but strongly impedes traffic flow.
The remainder of the article is organized as follows. Section II briefly reviews the models for traffic flow and weather impact that we approximate in this article, and overviews the steps in the approximation. In Section III, the key step of approximating a queuing dynamics with a changing (weather-dependent) service rate to permit layered-network modeling is described and evaluated. In Section IV, this approximation is used in tandem with the weather-impact model to characterize queueing at a single bottleneck point in the airspace that is modulated by a complex, networked weather evolutin. Finally, Section V summarizes our results, and briefly introduces future directions including the generalization to a full weather and traffic network.
II. Background Review
Before we discuss the layered network approximation that we use for studying coupled traffic flow and weather dynamics in the National Airspace (NAS), let us briefly discuss the current state-of-the-art in traffic flow and weather-impact modeling for flow management in the NAS. Broadly, there are two schools of thought on the modeling traffic flows in NAS: one that considers individual flight trajectories and another which capture traffic flows at an aggregate level (e.g., total flows along route segments, engaged in take-off or landing, or contained in regions such as Sectors). The first of these approaches uses physics-based models of aircraft dynamics, explicit route maps, and relatively-detailed representations of air traffic control actions, to predict aircraft trajectories. These trajectory-based approaches typically provide quite accurate predictions over the short term (less than 1 or 2 hours): these methods are typically quite accurate uncertainties such as weather or departure delays are small, which is typically the case for en route aircraft over short time horizons. Though these trajectory-based methods provide accurate predictions over short time horizons, they unfortunately become rapidly intractable if uncertainties are included, and they are also inherently computationally intensive. In the sense that air traffic operators at regional/national levels (as well as management actions) typically view traffic as flows, the trajectory-based methods also of improper resolution for flow management. For these reasons, these trajectory-based methods are difficult to use in developing effective multi-center management schemes, especially at strategic time horizon where the uncertainty in weather is large. Instead, aggregate flow-based modeling approaches are more favorable for traffic management at large spatial and temporal horizons. The loss of detail introduced by such flow abstractions is not usually significant, especially in a strategic time-frame, and the models provide computational advances and more faithfully represent traffic-management initiatives. In our efforts here, we will focus on flow-based or aggregate characterizions of air traffic. We briefly review the aggregate models for air traffic and weather-impact models separately in the following subsections.
A. Weather Impact Models
Air traffic management strongly depends on weather conditions: convection, stratus, strong winds, and winter weather are just some of the environmental factors that can impact traffic. At a strategic time horizon, uncertainties in weather are often large, 7, 8 and characterizing such uncertainties is challenging. Moreover, due to the complexity of weather evolution and its probabilistic nature, a single model for predicting all facets of weather and its impact on air traffic operation capacity is difficult to develop. Various models have been developed to predict different characteristics of weather and their effects on air traffic.
9, 10 A lowcomputation model for predict stochastic weather impact at the strategic time horizon was introduced in.
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This model uses a discrete-valued discrete-time stochastic automaton network known as the influence model, to capture temporal and spatial progression of weather-impact states (e.g., Nominal and Low Capacity in regions due to convective weather). These models are flexible enough to capture the probabilistic evolution of weather and can be parameterized to statistically match publicly-available ensemble weather forecasts at snapshot times, but allow significant mathematical analysis. We will briefly revisit weather models in Section IV.
B. Aggregate Flow Models
A wide array of models for aggregate traffic flows have been developed, which have in common that the number of aircraft in airspace regions or along route segments are tracked. Queueing-network models for traffic flow dynamics are particularly compelling, because they also naturally permit representation of management initiatives. Broadly, queueing network models for air traffic view traffic as either moving between airspace regions or (aggregated) route segments, with management initiatives and other constraints on traffic flows (including arrival and departure rate constraints) being represented as queues that cause aircraft backlogs. 3, 6, 11 We refer the reader to 3, 6 for a comprehensive queueing-network model for the NAS, which captures traffic between each pair of sector boundaries and to/from airports (or airport groups), and captures a range of common traffic-management initiatives.
In this article, we will largely focus on approximating the dynamics of a single queue with time-dependent service rate, which represents a bottleneck point in the airspace system (whether a take-off or landing process, a management initiative that restricts traffic, or a constraint on regional traffic) whose throughput is weather dependent. From a queueing-theory perspective, we note that the aircraft (traffic demand) approaching the the bottleneck can be viewed as "jobs" that form an "arrival process a ," while the bottleneck is a queue with varying service rate.
It is worthwhile to review some specifics of queueing representations for air traffic bottlenecks. 3, 6 The arrival process to the queue (i.e., the traffic approaching the bottleneck point in the network) is usually specified via a probabilistic description, i.e. as a stochastic process, in an aggregate predictive model. Several studies have shown that memoryless (Poisson) process models for incoming traffic are often roughly appropriate, and so are commonly used to describe traffic approaching a bottleneck; we assume a Poisson arrival process here, though our results can naturally be extended to other arrival paradigms. The service model and the queueing discipline, e.g., First-Come First-Served (FIFO) or Last-Come First-Served or a prioritybased service, will typically depend on the specifics of the bottleneck (i.e., whether it is an arrival/departure constraint; or flow restriction for management such as Minutes in Trail (MINIT), Miles in Trail (MIT), Ground Delay Program (GDP); or a constraint on regional traffic). However, many air traffic bottlenecks are fairly well modeled as having a FIFO queue discipline, and a constant or deterministic service time for each aircraft; we will focus on this case here. A queue with Poisson arrivals, a constant rate of service and a first-in first-out queue discipline, such as we will consider here, is known as the M/D/1 queue and has been extensively studied. We will consider an enhancement of the M/D/1 model wherein the deterministic service rate of the queue changes between two levels over time, in response to changing weather conditions.
Various metrics have been used in the queuing literature to measure the performance of or characterize a queue. One common analysis is of the number of jobs in a queue at a given instant in time, also referred to as the queue-length. Let us here briefly review the queue-length analysis for a M/D/1 queue (assuming a single service rate), as a precursor to the approximation for the two-service-rate queue that we propose. We note first that the queue length as function of time is a stochastic process. It has been shown that, if the service rate (usually denoted as µ) is strictly greater than the arrival rate (usually denoted as λ), then the queue is be stable.
12, 13 Stability of the queue means that, after enough time has passed, first and second moments of the queue length process converge to some constant value. In other words, the queue length process converges to a random variable in a mean square sense. To be more specific, stability of a M/D/1 queue depends on the ratio between the arrival rate and service rate rather than their absolute values. That is, if ρ = λ µ < 1, then the queue is stable. The quantity ρ is referred to as the average server utilization and indicates how "busy" the server remains on average. For a stable M/D/1 queue closed form expressions for first and second moments of queue lengths can be developed terms of ρ. For a detailed developments of these and other results for an M/D/1 queue, we refer out readers to.
12, 13
Queue behavior is generally stochastic and non-linear in nature, and does not lend itself naturally to a Not to be confused with arrivals at an airport.
analytical characterization of transients, especially under the meshed modeling framework (i.e., when the service rate is weather-dependent). Therefore, approximations that mimic a queue's behavior need to be developed. As a starting point toward developing layered moment-linear model approximations for meshed queueing/weather dynamics, we first develop a linear approximation of a stable M/D/1 queue under variable service rate, while using the queue length as a metric for the queue's dynamics. By variable service rate, we mean that the service rate switches instantaneously between two values, and specifically focus on the case that the service rate starts at a high value, drops to a lower value, and returns to the nominal value. We consider this particular case of a variable service rate as it can naturally capture air traffic dynamics under weather uncertainty. The high service rate corresponds to a normal operating condition with full capacity. The drop in service captures a reduction in the bottleneck flow due to inclement weather or other interruptions. This approximation is the main contribution of this paper and is presented in Section III. After presenting this key approximation, we also illustrate that the approximation permits simple statistical analysis of a complex networked weather process that modulates the service rate at a bottleneck point, using a layered moment-linear system formulation.
Before presenting our approximation, we find it worthwhile to discuss other approximations for queuelength dynamics.
C. Fluid-Flow Approximations and Linear Abstractions
Among the existing approximations in the queuing literature, fluid flow approximations are closest in spirit to our approximation of a M/D/1 queue. In a fluid flow approximation, evolution of a performance metric for the queue (for example queue length) is approximated using a non-linear differential equation, which is easier to characterize than the original stochastic model. Often, such approximations perform better under heavy traffic conditions, i.e. λ ≈ µ. A wide literature exists on the topic of fluid approximation for different queuing paradigms. For fluid approximations of M/D/1 and other common queues, please see.
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In analogy with fluid-flow models, we also pursue an equivalence of the queueing dynamics that permit simple analysis of queue length and other measures. However, our approach and motivation is different from that given in the fluid-approximation literature, in the following ways:
• For any approximation to be useful in an air traffic context, the approximation should generalize to a networks of queue. However, fluid flow approximations usually yield non-linear differential equations, whose solutions do not naturally scale t the network case. We instead seek a cruder linear or momentlinear approximation-and in fact one where a changing service rate can be approximated as an input process-to permit analysis when both the weather-impact and traffic dynamics are complex networked processes.
• Fluid flow approximations usually track the evolution of a first order statistic of the queue's performance, such as average queue length. Our goal is to approximate not only first order but higher statistics of the queue dynamics (or even the entirety of its stochastic dynamics), and fluid flow approximations are limited in this regard.
For these reasons, we develop a separate linear approximation for an M/D/1 queue. Nevertheless, our approach is motivated by the fluid flow approximation model and in many ways is an extension of this family of results. We also stress the close connection between our effort, and the characterizations of meshed air traffic and weather dynamics pursued using the comprehensive queueing model in. 3, 6 Of particular note, these studies have pursued analysis of a single bottleneck queue whose rate is impacted by a Markovian weather process, using jump-Markov formulations and certain linear approximations. These analyses are significant and accurate for important operating regimes, but do not scale naturally when either the weather or the traffic dynamics are networked. The particular approximation that we make-which is even cruder than those in 3, 6 -more easily scales to the network case, because of its linearity and because the weather-impacted service rate is captured as an input.
III. A New Linear Approximation for an M/D/1 queue
Formally, let us consider an M/D/1 queue with arrival rate λ. The service rate µ of the queue switches between a nominal rate µ 1 and a weather-constrained rate µ 2 , such that µ 2 λ ≤ µ 1 . Further the length of the time for which the service rate is µ 2 is assumed short compared to the length for which the service rate is the µ 1 , which reflects that the weather event has a transient impact on the traffic bottleneck. The linear approximation of the queue that we seek is a discrete-time recursion of the form
Here, the variable X[t] captures the queue length at time t, P oiss(λδ) denotes an independent Poisson random variable which specifies the number short time interval [t, t + δ]. The small interval of time, δ, is a free quantity which can be chosen, depending on available computational capacity and required accuracy of simulation. The quantities that needs to be determined are the fixed constant α and function β(µ), subject to the following restrictions:
• 0 < α < 1. This is needed to make to the recursion stable.
• The quantity β(µ) is time varying. Specifically β has a constant value for the periods when service rate is µ 1 and another value when the service rate is µ 2 .
The form of the recursion as well as the restrictions on the choice of α and β(µ) is motivated by our layered moment-linear network architecture. Of critical importance, in our approximation, the change in service rate (which is driven by a complex weather process) is captured by a change in input to a stable discretetime linear system; this structure matches the layered moment-linear network framework. In Section IV, we discuss the advantages of such an approximation in some detail. To the best of our knowledge, a linear recursion of this form (equation -1) that mimics the evolution of the queue length with time has not been developed. The first critical question of interest is whether (and, if so, how) such an approximation can capture the queue dynamics sufficiently well to assist with statistical analysis. Here, we propose a means for selecting the parameters of the linear model, that provides an adequate representation of the original queueing process under some conditions. Specifically, noting that queueing system remains in the nominal state for a majority of the time, we design the parameters α and β(µ 1 ) so that the steady-state first-and second-moments of the queue length predicted by the approximation match the real values for an M/D/1 queue; in this way, we expect the dynamics of the approximation to be statistically similar to that of the real queue, for long periods of time. Meanwhile, noting that the weatherconstrained rate is transient, we do not seek to match steady-state characteristics during this period, but rather set β(µ 2 ) so that transient increase in queue length for the approximation matches that for the real queue.
Let us first develop the part of the approximation associated with the stable (or nominal) queue dynamics, by considering the steady-state behavior of an M/D/1 queue. For convenience, we let L denote the queue length at a particular time instant in steady-state for such a stable M/D/1 queue. To motivate the approximation, let us first consider a direct nonlinear approximation of the queue dynamics. Considering an M/D/1 queue, we see that the queue length X(t) approximately evolves as follows:
where R serv can be approximated as the following discrete function of the queue length (see Figure 1 ):
However, if the step-like function 3 is approximated as a linear function of X(t), i.e.
then the evolution of the queue length (Equation 2), can be written as
where α = 1 − a. Since we wish to design the steady state first-and second-moments of the linear approximation to match the steady state moments of the queue length of the stable M/D/1 queue, for given values of the λ and µ 1 , the quantities α and β(µ 1 ) can be determined by solving a set of the quadratic equations obtained by comparing the steady-state moments of the approximation and the original queue. Writing down and solving these equations, we obtain
2 is the steady state variance of the queue length L. We must point out that the linear approximation presented in Equations 6 is actually an approximation of a stable M/D/1 queue, with arrival rate λ and service rate of µ 1 . The variable service rate has not been taken in to account yet. Due to the design constraints we placed on the linear approximation, only the quantity β can be modified to account for a change in service rate.
Since the periods of the low service rate µ 2 are relatively short compared to the periods when the service rate is µ 1 , modifying the term β as
for the periods of low service rate should result in a relatively good approximation of the M/D/1 queue. To understand why such a modification is appropriate for the variable service rate case, we refer to our readers to Figure 1 . In the figure, we plot the service rates for the actual M/D/1 queue and the approximated service rates as function of queue length to illustrate our point graphically. We see that the approximation matches the real queue, when the queue length is close to its steady-state value for the nominal period; thus, the rate of growth in the queue when inclement weather intercedes is accurate in our approximation. We stress that Figure 1 is just an illustration of the approximation framework. It does not represent a realistic example, which we present in the next subsection, where we present some simulations to evaluate the approximation's applicability.
A. Simulations
In this subsection, we present some simulations that help to evaluate whether the approximation can aptly approximate an M/D/1 queue with variable service rate. In all the examples presented in this section, an M/D/1 queue was simulated for starting at t = 0 and ending at t = 50, with time steps of δ = 0.001. The service rate is assumed to be µ 1 = 21 for for all times, except for the interval [t 1 , t 2 ] when service rate drops to a lower value µ 2 < λ. We will present comparisons for several different arrival rates λ and several different values of µ 2 . In Section III, we argued that the approximation may be accurate as long as the periods for which the service rate is µ 2 are short compared to the periods when the service rate is µ 1 . To test this hypothesis, for each value of µ 2 that we test, we also vary the length of time for which the service rate is µ 2 .
Before we present the simulation results, let us present a comparison between the actual service rates and the approximated service rates as a function of queue length (see Figure 1) ; in this example, the arrival rate is assumed to be λ = 20. This corresponds to a stable queue operation with heavy traffic, a common feature in many air traffic scenarios.
Notice that the approximation for both service rate are close to the actual service rates. Moreover, as the queue length increases, the approximation becomes better. Therefore we can expect the approximation to closely mimic the queue's behavior when the queue is not empty for the entire period of simulation. However, when the queue is empty, the approximated service rate is not zero as it is for the actual queue. Therefore, if the queue remains empty for a significant period of time, the approximation would produce negative queue length, and hence become inaccurate; since this is a heavy-traffic scenario, however, this situation is rare. Another important aspect to note is that for the lower service rate case, the queuing system is unstable but our linear approximation is not. If the interval [t 1 , t 2 ] is large then the approximation would thus become inaccurate. However, if the interval is small, the approximation holds. The simulation results we present next show these characteristics. For ease of presentation, we separate the results into moderate and high traffic cases.
Moderate Traffic
For this case, consider an M/D/1 queue with arrival rate λ = 15, and service rates µ 1 = 21 and µ 2 = 11. Between [t 1 , t 2 ] (specified for each figure), the service rate drops from µ 1 to µ 2 . The queue and its linear approximation are both driven by the same instantiation of the arrival Poisson process. The plots allow us to evaluate the validity of the approximation.
As we can see from the figure 3, the approximation closely mimics form the queue behavior if the queue is non-empty and if the low-service-rate interval is short enough.
Heavy Traffic
For this case, consider an M/D/1 queue with arrival rate λ = 20, and service rates µ 1 = 21 and µ 2 = 11. Between [t 1 , t 2 ] (specified for each figure), the service rate drops from µ 1 to µ 2 . The queue and its linear approximation are both driven by the same instantiation of the arrival Poisson process. The plots allow us to evaluate the validity of the approximation.
For the heavy traffic case (Figure 4) , we see that the linear approximation mimics the queue behavior better than for the moderate traffic intensity case. This is due to fact that the for a high traffic intensity case, the queue is almost always non-empty, and hence the linearization is nearly always accurate. Again, the approximation's performance depends on the duration of the low-service-rate period. 
IV. Coupling Weather and Air traffic Dynamics: A First Step
Our motivation for pursuing the linear approximation for an M/D/1 queue is to develop a computationallyattractive framework for analyzing and managing traffic in the NAS, that nevertheless appropriately approximates queueing models for traffic and management initiatives. The framework should capture the interplay of traffic from multiple sectors as well as the effects of various environmental uncertainties affecting traffic flows, most notably inclement weather such as winter storms or convection during cold-front passage. In this section, we show that the linear approximation for an M/D/1 queue that we have developed may be promising for this analysis, by taking some first steps toward a meshed analysis. Specifically, we consider the case that a single flow bottleneck's rate is modulated by a complex, networked weather process (as specified by an influence-type model). To be precise, we consider the case that transient weather conditions (specifically, a transient convective snowfall event) modulates the service rate of a bottleneck queue between two values. Because of the special form of the linear approximation as well as the tractabilities of the influence model, we are able to achieve significant analysis of the meshed model dynamics.
To motivate and explain the tractability of the proposed model, it is helpful to review the tractabilities of influence model-based weather-impact models. 3, 5 These influence models are a sub-class of a broader 
for some matrices H r0 , . . . , H r,r , where the superscript notation ⊗r refers to a Kronecker product repeated r times. 17 This moment-closure and linearity property permits fast analysis of low-order statistics of network statuses, included for example correlations among network components. For a detailed development of results on influence models, we kindly ask the reader to refer to; 18, 19 results on MLSN can be found in. 20 We will see that our approximation of the M/D/1 queue allows joint statistical analysis of weather propagation and bottleneck-queue traffic.
Our interest is in the analysis of meshed weather and traffic flow dynamics, which can be viewed as a circumstance where an networked environmental process drives a second infrastructure-network dynamics. Motivated by analysis goals of this sort not only in transportation but in power-system management and other domains, we have begun to study layered architectures in which an influence model or MLSN representing environmental uncertainty drives a linear dynamical system describing an infrastructure. In our layered architecture, the input to each network component in the infrastructure is determined by the status of the influence model layer. Due to the linearity of the dynamical system and the special moment-linear structure of the influence model, simple recursions similar to Equation 8 can be the developed to track statistics of the influence model as well as the dynamical system. A detailed development of the architecture will be presented elsewhere. However, we here briefly discuss how the linear approximation of an M/D/1 queue with variable service rate can be translated into our layered architecture to model the traffic.
To progress, let us enrich the bottleneck-queue analysis to explicitly represent weather impact, as defined by an influence model. Specifically, we consider an influence model that tracks the evolution of weather impact in set of contiguous regions. For simplicity, let us assume that each region has one of two possible statuses during each time step: nominal and reduced capacity. Now say that one of the regions has a bottleneck traffic flow associated with it, whose rate is modulated by the local weather-impact status. This simplistic example fits the M/D/1 queue described in Section III. This scenario fits exactly into the layered architecture, with the single queue serving as the dynamical system and the influence model capturing the environmental process. Thus, statistics such as average queue length or variance of queue length can be computed easily with linear recursions. A detailed mathematical development of such results will be presented in a future paper. Here, we simply give an example evaluating the accuracy of the approximation in simulation, and showing analysis of mean queue lengths using the special tractability of the layered architecture.
A. A Promising Result
As an illustration, we consider propagation of weather impact in 20 × 20 = 400 grid squares within a rectangular region. Each grid square is assumed to have a binary weather-impact state, capturing whether the region has nominal capacity or reduced capacity due to weather. The weather-impact states are assumed to evolve stochastically over time and space, according to an influence model. The particular evolution that we consider here was introduced in our earlier paper, 5 as abstractly capturing a winter-weather event in the Pacific Northwest, where there was significant uncertainty as to whether the storm would take a southern or northern track.
Here, we consider the circumstance that a single major traffic flow is constrained in response to weather in one grid square, specifically the one at row 10 and column 10 within the airspace region. In particular, it is assumed that the bottleneck flow has fixed rate: we consider two cases, specifically λ = 15 and λ = 20. During nominal weather-impact conditions, the service rate is assumed to be µ 1 = 21, while during the weather-constrained periods the service rates drops to µ 2 = 4. Figures 5 and 6 compare sample trajectories or simulations of the bottleneck queue length for the M/D/1 queueing model and for the linear approximation (assuming both are driven by the same weather and incoming-traffic instances). The examples suggest that the linear approximation is rather good, as long as the duration of weather is short. In Figure 7 , we also demonstrate a primary tractability afforded by the linear approximation: the mean queue length is plotted with time, for the meshed weather and bottleneck traffic dynamics. 
V. Conclusion and Future Directions
In this work, we developed a linear approximation for the queue-length dynamics of a stable M/D/1 queue, whose service rates drops to a unstable value for a short period of time. We motivated the study of such an approximation from the perspective of characterizing meshed complex (networked, stochastic) weather and traffic dynamics in the NAS, for strategic traffic management. Using simulations, we evaluated the validity of our approximation for different traffic intensities. We then illustrated the use of the approximation in characterizing a single traffic bottleneck that is modulated by a stochastic, networked weather propagation model. We believe that the approach can naturally be extended to a multiple-(networked-) bottleneck Figure 6 : Comparison of the actual queue behavior and linear approximation for the meshed weather-traffic model, in the case where the nominal incoming traffic intensity is large (specifically, the arrival rate is λ = 20.) scenario, and plan to pursue this case soon. We also plan to pursue a formal verification of the approximation, and to consider its extension to other queueing paradigms. 
